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Shape Determination for Large Flexible Satellites
via Stereo Vision

D. N. C. Tse* and G. R. Hepplert
University of Waterloo, Waterloo, Ontario, N2L 3Gl, Canada

The use of stereo vision to determine the deformed shape of an elastic plate is investigated. The quantization
error associated with using discrete charge coupled device camera images for this purpose is examined. An upper
bound on the error is derived in terms of the stationary configuration parameters. An expression for the average
(root mean square) error is also developed. The issue of interpolating the shape of the plate through erroneous
data is addressed. The vibratory mode shapes are used as interpolation functions and two cases are considered:
the case when the number of interpolation points (targets) is the same as the number of modes used in the
interpolation, and the case when the number of targets exceeds the number of modes used. Error criteria are
established for both cases and they provide a means of establishing the best fit to the measured data.

Nomenclature

A = area of the plate

b; = column vectors of !

b; = the columns of (®7®)~!

by = an entry in $!

icl = the volume of C

C(e) = the rectangular box in R™ centered at the
origin and whose sides are of lengths 2e;,
i=1,2,...,m

c = centroid position

d = length of an error interval

Ey = length of the error interval (horizontal
configuration)

En)ems = the root mean square error (horizontal
configuration)

E, = length of the error interval (vertical
configuration

(Ey)rms = the root mean square error (vertical
configuration)

Erms = gverage (rms) case €rror measure

& = WOrst case error measure

e = vector of e;

e = semi-interval of uncertainty on w;

F = frac{(2fn,A)/ Xya]

f = focal length

fl@) = the probability density function of g over Q

frac(-) = the fractional part of the real argument

g(w) = the probability density function of w over W

] = height of cameras

€, J) = the object image on the left camera screen in
the (i,j) system

€, ) = the object image on the right camera screen

‘ in the (5,7) system

(X)) = screen integer coordinate system

£ = locus of positions of a target

I; = lower bound on the ith target’s deflection w;

{ = vector of /;

(X, Y,w;) =lower bound on the interval of uncertainty
for w;
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= number of targets

= number of modes

= number of pixels in the x, and y. directions,
respectively

= two points of intersection of U with £ (the
endpoints of an error interval)

= the partition of £ into error intervals

= subsets of @ associated wtih the left camera

= subsets of ® associated with the right camera

= space containing ¢ in R"

= the transformed version of Q that results
from translating the centroid of Q to the
origin

= vector of modal coordinates

= least square solution

= modal coordinate

= true values

= an estimate of the vector of modal
coordinates

= optimal estimate of the vector of modal
coordinates

= region of uncertainty

= upper bound on ¢;

= vector of u;

= upper bound on the ith target’s deflection w;

= upper bound on the interval of uncertainty
for w; -

= the abscissas of the true image of the target in
the left and right cameras, respectively

= continuous left image plane coordinates of
the image of a point object

= abscissas of the images of P, and P, in the
left camera

= continuous right image plane coordinates of
the image of a point object

= abscissas of the images of P, and P, in the
right camera

= the set of vertices of Q

= a vertex of Q

= the ordinates of the error interval endpoints

= space containing w

= the volume of W

= vector of measured displacements

= vector of approximation of the individual
target positions (7 > n case)

= deflection of the plate

= deflection of the ith target

= vector of true deflections

= global reference frame
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(X0, Y0,Z) = the true position of the target in the global
frame

XoYesze) = position of a point object in the camera
coordinate frame

Z1(X,Y) = known lower bound on the deflected shape

w(X,Y) of the plate

Z = vector measuring the deviation of the true
deflections from the midpoint of their
corresponding error intervals

g = components of £

Hi=1nui, = Euclidean norm

Iz = Frobenius norm

A = semibaseline separation distance

6 = angle of inclination of the cameras
P = matrix of mode shapes

o = mode shape

Introduction

HIRD generation satellites are characterized by being
both much larger than previous satellites and much more
flexible. This latter characteristic brings with it, in addition to
the usual requirements for attitude control, a requirement for
the control of the flexible modes as well. An excellent example
of the shape control requirement is the case of a satellite with
a large phased array radar. It will be impossible to make-the
support structure for the antenna array sufficiently stiff for it
to be considered rigid, but at the same time there will be
constraints on the deformations of the support structure that
are governed by radar performance considerations. A certain
amount of deformation can be accommodated by the radar
provided that the nature of the deformations are known. In
order to be known, and possibly controlled, the flexible mo-
tions need to be sensed and the physical characteristics of the
sensors are important, in that they need to be small and
lightweight so that their presence does not significantly alter
the dynamics of the satellite. Accelerometers would seem to be
a natural choice for sensing the flexible modes because they
may be of low mass, low power consumption, high resolution,
and of relatively low cost. However, there are features of
accelerometers that make them less than ideal!; they are prone
to large biases that grow with time and can exceed the resolu-
tion of the accelerometer, thus destroying the accuracy of the
sensor, and accelerometer signals may also be corrupted by
disturbances to the satellite as well as to the accelerometer with
the added difficulty that these two sources of disturbances are
not independent in the case of accelerometers.! Hence, it is not
entirely clear that accelerometers should be the only motion
sensors used or even that they are the best choice. For the
purposes of shape control or shape determination, a means of
directly measuring the displacements may be advantageous.
The use of stereo charged coupled device (CCD) cameras
for the purpose of sensing the deformed shape of an elastic
structure, such as a third generation satellite, is very appealing
because this method of deflection measurement would cer-
tainly not require the addition of any components of signifi-
cant mass or size to the flexible structure and would in this
sense be noninvasive. The implementation of this scheme
would require that the structure be viewed by a stereoscopic
pair of cameras (possibly more than one pair may be required
if the structural dimensions exceed the cameras’ field of view)
that would look at a set of readily identifiable targets. These
targets may be as simple as LEDs placed at suitable locations.
As areference case, a large rectangular structure that can be
treated as a thin plate is used. It is assumed to be made of a
linear elastic material and to experience small deflections such
that linearized strain-displacement relations may be used. For
the case of small deformations and assuming bending to be the
dominant mode of deformation, it is reasonable that the in-
plane deformations be considered to be negligible relative to
the out-of-plane deformations. This means that the targets can
be considered to be constrained to move along a line that is

perpendicular to the undeformed reference position of the
plate. The cameras are idealized as perfect pinhole cameras,
thus ignoring lens distortion and other optical nonlinearities
such as Seidel aberrations. Although this is a restrictive as-
sumption, it does allow the analysis to go forward without it
being complicated by issues that are very difficult to deal with
due to their inherent nonlinearities. Indeed, Blostein and
Huang? made this assumption in their work as have Rodriguez
and Aggarwal® and McVey and Lee.* Because of this assump-
tion, we will be considering the errors associated with postcal-

- ibration pixel quantization error effects, but it should be rec-

ognized that distortion effects could play a significant role in
practice. Because the dominant natural frequencies of the
structures of interest are typically very much less than the
currently available framing rates for CCD cameras, the effect
of the finite CCD integration time has been assumed to be
negligible.

Because of the large target to camera separation distances in
this application, and under the previously stated assumptions,
it is expected that pixel quantization error will dominate over
other sources of error. It is the purpose of this correspondence
to analyze the shape determination error when the image
positions are corrupted by error of this nature. Although the
actual error varies as the shape of the plate changes over time,
we have derived upper bounds and an expected value of this
error as a function only of the positions of the targets on the
plate and the camera configuration. These can then be used as
a criterion in placing the cameras and targets in the design
stage.

Further, it is also assumed that the object of interest (target)
is sufficiently small so that modeling it as a single point will
not introduce a significant error.

The error associated with using stereo CCD cameras has
been discussed previously.2® Other relevant works may be
found in the references of these papers. However, these papers
deal either with the error in depth measurement*> or with
locating the three-dimensional position of a point,2 or with
navigation problems that involve both of these.® The analysis
in these and other papers is either restricted to depth measure-
ment, which does not concern us in this application, or is
overly general and does not take into account the knowledge
we have regarding the constraints on the positions of the
targets that arise from the dynamics of the plate. For our
purposes, we need to consider only those aspects of the error
that relate to the problem at hand.

Frames of Reference and Problem Geometry

The camera arrangement is illustrated in Fig. 1, where the
image planes of each camera are considered to be identical and
arranged to be coplanar with their edges parallel. Each image
plane has dimensions a X b with n, pixels in the y, direction
and n, pixels in the x,. direction. These should not be viewed as
parameters that may be continuously varied as their values are
restricted by the available technology and are often specified a

A

ny

Fig. 1 Camera coordinate frame geometry.
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priori. Note that the center of the camera screen is not neces-
sarily at the origin of the image coordinate frame.

Let (x,,¥.2.) be the position of a point object in the camera
coordinate system, and let (x;,v;) and (u,,v,) be the positions
of its images in the left and right cameras, respectively. Then,
the transformation between these coordinates is

4 =f(A — xc), v = _fyc
Zc 2

u, = M, v, = i}’c 6}

“Ze - e

Solving for (x.,y.z.) yields
Ay, +u, 2Av, —2A
C=L.___12, c=__L.., z¢=—f )
(ur—uy) (ur—u) (ur—up)

We also introduce a global reference frame (X, Y,Z) which
is oriented such that the X-Y plane coincides with the refer-
ence plane of the plate and the position of the cameras is given
relative to this frame. The horizontal camera configuration is
illustrated in Fig. 2a. The vertical configuration is similar, but
the camera frame is rotated 90 deg about the z. axis (see Fig.
2b). To relate the position of a point as expressed in the global
frame to its position as expressed in the camera frame, the
usual trigonometric transformation matrices may be used.”

When a set of point targets is observed by both cameras, the
correspondence between points in the two different images has
to be determined. From Eqs. (1) and (2), it can be seen that the
left and right images of a point are always on the same
horizontal line. This can therefore be used as a criterion for
matching. The only case where this does not work is when two
or more objects have sufficiently close y./z. values so that the
images fall on the same horizontal row of pixels. In practice,
this is an extremely unlikely event since the number of point
targets is usually much smaller than the number of rows of
pixels. Moreover, even if this does occur, because the range of
motion of the targets is constrained by the plate dynamics and
because the original placement of the targets is known, there is
sufficient information to rule out fictitious objects from erro-
neous matches.

Errof Analysis

Image quantization error occurs because the position of the
image is not known exactly but only up to the pixel on which
the image falls. The objective of this section is to obtain
bounds and an expected value of this error for a single point
target, as a function of its position (X, Y;) on the plate but
independent of its deflection at a particular time. The analysis
will be first carried out for the vertical configuration.

Define an integer coordinate system on the camera screen
where each point (i,j) corresponds to the center of a pixel.
Then let the object image on the left and right cameras’
screens be designated by (J, J) and (Z,, J), respectively, noting
that their ordinates are always equal. The actual image posi-
tions (4, v;) and (u,, v,), (v, = v; =v), lie somewhere in the
corresponding pixels but their exact values are unknown.
Then, with reference to Eqs. (2), the position of the objects in
the camera frame must lie in the set:

2vA
@ —u)y

(ur + ul)A
U= ,
[ (ur_ul)

—2fA]

(u,—u;)

where (a/n,) is the width of one pixel and U shall be referred
to as the region of uncertainty.

The uncertainty in the position of the target can be further
reduced by noting that the target is constrained to move along
a locus &£, which is a straight line perpendicular to the refer-
ence plane, as the plate vibrates. For each target, there is one
such locus. Assuming the size of the satellite is much larger

than that of the regions of uncertainty, the targets are suffi-
ciently far apart so that the region of uncertainty U of any one
target can only intersect with its own locus. This allows identi-
fication of an observed target from its region of uncertainty,
thus obtaining its exact locus. Once the target has been identi-
fied, the only measurement that has to be made is the position
of the target on the locus, i.e., its current deflection. The error
interval is therefore reduced to the intersection of the locus £
with U, which is only one dimensional. The length of this
interval measures the worst case error.

If (Xo, Yo) is the position of the target in the reference plane,
the locus of the target as expressed in the camera coordinate
system is’

Xo=2.¢c0s 6+ x.sin 0, Yo= —y. @)
where 0 is the angle of inclination of the cameras (see Fig. 1).
Let P, and P; be the two points of intersection of £ with U
(i.e., the endpoints of the error interval). If u,,, uy, U9, up are
the abscissas of the images of P; and P, in the left and right
cameras, respectively, the length of the error interval can be
easily calculated as’

. 1 1
E =2f|csc0IAI - 5
Y 'urZ —Upn U —Un ©

Now suppose the true position of the target is (X, Yy,Z) in
the global frame, and u; and uy are the abscissas of the true
image of the target in the left and right cameras, respectively.
We can write

U, — Uy = ug—uy + by, Up— Up=Ug—U; + 0 (6)

where §; and 6, are small, less than the width of one pixel,
compared to up—u; . Substituting Eq. (6) into Eq. (5) and
neglecting second-order and higher terms in &, and §,, the
length of the error interval is

~2f|csc 1A

=y B )

By utilizing the image to camera frames transformation
[Egs. (1)] and the camera to global frames transformation
[Eqgs. (6)], the length of the error interval can be expressed in
terms of global coordinates of the target’

E _ [Xocos 60— (Z—h) sin 01| un —up
Y f |Xo— Asin 6

®

The range of view of the cameras is fixed by requirements
that can be determined by finding bounds on the deflections of
the parts of the satellite that are within the range of view of the
cameras. With reference to Fig. 3, the range of view can be
defined by the angles « and 8, and for a given range of view,
these angles are assumed to be fixed independently of the
configuration variables. Although Fig. 3, for the sake of clar-
ity, shows the horizontal configuration, there is no difficulty

(a/n)I, — VB)<u,<(a/n)l1, + V2)
(a/n )l — Va)<u <(a/n,){I; + ¥2) 3)
(a/n)J - <v<(a/n)J + ¥2)

in arranging both cameras in the vertical configuration to have
the same « and 8 values. Given a screen of fixed size, the range
of view should always be projected onto the entire screen in
order to use its full resolution. Hence, corresponding to differ-
ent values of the configuration variable 0, the focal length f
should be adjusted in order to maintain maximum resolution.
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The relationship between f and 6 is found to be

a
fO = tan(d — «) + tan(B — 6) ©

Using Eq. (9) in the previous expression for E, yields

[Xo cos 8 — (Z—H) sin 6)?
a

E, =

Up — Up

X [tan(d — a) + tan(B — 6)] Xo— A sin 6

10

E, is the length of the error interval when the target is at a
specific deflected position. To get an upper bound of this
quantity for all deflected positions of the target, we first note
that, since P, and P, lie in the region of uncertainty U, their
images in any one of the cameras must be in the same pixel.
Hence, it is deduced-that luy, — up!| < a/n, (the width of a
pixel). If one dassumes a known lower bound Z; (X, Y) for the
deflected shape w(X,Y) of the plate and also that the camera
is always above the plate (necessary to avoid occlusion), an
upper bound on E, can be readily deduced as’

- { X, cos 0 ~ [Z; (Xo, Yy) — H] sin 0}
- n, | Xo— A sin 41

E,

X [tan(d — &) + tan(8 — )] (11

This should be a reasonably tight bound because the magni-
tude of the deflection is expected to be small, especially in
relation to the distance from the camera. Consequently, the
amount of inaccuracy that would arise from replacing Z with
Z; (X, Yp) is small.

Another useful measure is the expected length of the error
interval over time. This is a more difficult estimate to obtain

X Zc

Fig.2a Horizontal configuration.

Fig.2b Vertical configuration.

Ye ftan (B-8)
Upper range of motion ftan(8-a)
F

Q

!

- Flat configuration

L

B

Lower range of motion

Fig.3 Definitions of angles « and 3 for the horizontal configura-
tion.

for a general configuration because the error is a function of
the deflection w which in turn depends on the forces acting on
the satellite, many of which cannot be known a priori. How-
ever, the expected error can be estimated quite reliably for the

_ special case § = 0. It should be noted that finding the optimal

choice of angle # must take into consideration the fact that at
0 =~ 0 deg distinguishing the target trajectories may be very
difficult and at 9 = 90 deg the trajectories will be unobserv-
able. The problem of distinguishing the trajectories can be
partially dealt with by suitable placement of the targets, which
have known locations.

For the case where 0 = 0, the locus of the target in camera
coordinates, Eq. (5), is

ze = Xo, Ye=-Y, 312)
The locus £ of the target can be viewed as being partitioned,
by the regions of uncertainty, into error intervals. This is
because for each point on the locus there is exactly one region
of uncertainty in which it lies, and the intersection of the locus
with this region of uncertainty gives the unique error interval
that contains the point. To find the expected value of E,, it is
necessary to consider the distribution of the lengths of the
error intervals on £.

The partition £ into error intervals can be described by

@ = ((C1, — Y0, X0)(Ca, — Y0, X0)s - - - (Coy = Y0, Xp)] (13)
where each point (C;, — Y, X)) lies on £ [in view of Egs. (12)]
and they are all the endpoints of the error intervals on £ in the
range of motion of the target.

Each of these points lies on a boundary of some region of
uncertainty; hence, its image on either the right or the left
camera lies on a pixel’s boundary. By applying Egs. (1), the
equation of £ in image coordinates may be shown to be

AL

X, (14)

Vo=V,

so that it is parallel to the u axis. Hence, the image of a point
in the set ® is an intersection of the image of £ with a pixel
boundary that is parallel to the v axis in either the right or left
camera. Conversely, for each such intersection, its corre-
sponding point on £ must belong to ®. This is because, if the
target on £ moves across such a point, its image on either the
left or the right camera changes by one pixel so that the target
moves into a different region of uncertainty and, hence, a
different error interval. For the left camera, let these intersec-
tions be

() )
n,;’Xo ’ n, ,Xo v n,,’Xo
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and similarly for the right camera

(=g () «
nCXe)’ n, X |7 Xo

where kg, k;, mp, and m, are integers such that ko<k; and
mo<m,.

Using Egs. (1), the points on £ whose images are these
points are

e {|a- k@‘o") %o,
)]

@, = {[—A—m(,(j;":),— Yo,Xo], o
[+ (32) o)

with ® = ®,U®,.

By noting that the separation between adjacent points in
both sets is the same (i.e., Xpa/fn,), it can be concluded that
consecutive points in ® must be from different sets. Hence,
the error intervals are of only two distinct lengths, say d, and
(Xoa/fn,) — d (see Fig. 4). ,

To find d, it is observed that the separation of a point in @,
from one in @, is given by

an

18

2A - (k— m)fu

where & and m are integers such that ky<k <k, and
mys=m=m.

The lengths d and (Xoa/fn,) — d are the two smallest values
of Eq. (18) as k and m run through their respective ranges. The
two smallest values of Eq. (18) are’

w9 o

Xoa 2fn, A Xoa 2fnuA
frac{ — ), 1 — fra

Jn, Xoa S, Xoa

where frac( - ) denotes the fractional part of the real argument.

* Thus, the consecutive error intervals are always of different

lengths, and if the lengths of these error intervals are assumed

to be small comparéd to the range of motion of the target, the

probability of the target being ih one kind of error interval can
be estimated to be proportional to the length of that kind of

interval. Hence,
, X
Pro’b(Ev -5 °a> =5
Jny

Prob[ _(1 )‘;("“]:1—5 (20)

where § = frac(2fn, A/ Xqa).

For reasons to be discusséd in the next section, we are
interested in the root méan square (rms) error for a measure of
its average. This is given by

=\/1—39’+33’

(Ey)ems @n

fu

where f may be expressed in terms of « and 8 by employmg
Eq. (9) such that

(E)rms = V1 — 35 + 352 -i:—"(tan f-tana) (22)
u

In some cases, this may not be a reliable estimate. For if
2Afn,/ Xea is large, then & = frac(2Afn, /Xoa) is very sensitive

to the slight inaccuracies in the value of X, (the parameter
value that is hardest to estimate precisely). In such situations,
a more reliable error estimate can be obtained by modeling
as a random variable uniformly distributed in [0, 1]. In which
case,

Xo(tan 6
ny

tan o)

1
(Ey)ms = \/j (1 - 3% + 35 dF

_ Xo(tan 8 — tan o)
B V2n, 23)

The corresponding analysis for the horizontal configuration
is similar and only the results will be reported here. The length
of the error interval for the horizontal configuration may be
found to be’

[X, cos 0 — (Z—h) sin 6]
bX,

E, =

X [tan(@ — a) + tan(B — O} v, ~ v, 24

where v| and v, are the ordinates of the error interval end-
points and are camera independent.

In a similar manner to the vertical case, the upper bound on
the error is given by’

E, < { X0 cos 0 — [Z,(Xo, Yo) — h]sin 02
n,Xy
x [tan(f — o) — tan(B — 8)] 25)

For the special case of & = 0, the length of the error interval
is

X
Ehlg=g=?0(tan5—tan Ol)lvl"V2| (26)

In the horizontal configuration with 6 =0, lv;-—w! is a
constant independent of z with a width of one pixel such that

b
Iy — vl =— @7

v

which, when used in Eq. (26), yields the expression for the
error that is constant and equal to the rms error. Therefore,’

Xo
(En)ems = ;— (tan 8 — tan «) (28)
v
L
Xc rz
* Xe 4
s
-
?‘q; B %o =9.-1
¥ Fn v
T p
s d
f . _
ts X:a A
i
Y, d
Fy ) Xo0
s o d
vs\
k>

Fig. 4 Error intervals.
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The upper bounds on the length of the error interval [Egs.
(11) and (25)] and the expected values [Eqgs. (22), (23), and
(28)] are the principal results of this section. An important
question that arises is, ‘““What implication do these error ex-
pressions have for the angle of view of the cameras?’’ This is
important because the larger the area covered, the fewer pairs
of cameras we need to view the entire plate.

The area to be viewed is spanned by the X and Y coordi-
nates of the global frame, where the X coordinate corresponds
to a depth of view and the Y coordinate corresponds to a
breadth of view.

The depth of view depends on the angles o and 8 and,
because each of the error expressions is proportional to tan
(0 — ) + tan(B — 6), the error measures and the depth of view
are dependent on one another. It may be readily observed that
an increase in the depth of view will translate into an increase
in the error.

The breadth of view is given by the angle of view; in the
vertical configuration, this is given by 2 arctan(b/2f), and in
the horizontal case, by 2 arctan(a /2f). In both the vertical and
the horizontal configurations, the value of the error depends
on the focal length f. Thus, the screen dimensions b or @ may
be increased as large as possible in order to increase the field
of view without affecting the measurement accuracy. The only
restriction is that the resulting error in measuring the X and Y
position of the target should not be so large so that there is a
risk of misidentifying targets. This is a loose restriction be-
cause the large area of the satellite means that the targets can
be placed far apart.

Shape Estimation

Having established error measures for the deflection of a
single point, we will now consider how to use deflection mea-
surements for zn such points to estimate the shape of the plate.
This problem is different from the usual surface reconstruc-
tion problems?-!! in that we have a need for an interpolation
that reproduces the deformed shape of the plate with as much
accuracy and fidelity as possible. The interpolation process
must also consider the fact that the data upon which it is based
have implicit errors due to the quantization error that arises
from the CCD cameras. This is a consideration that has not
been dealt with in other surface reconstruction methods.3-!!
Nor can we do a curve fit that ignores the structural and
dynamic realities of the problem at hand. But by choosing, as
interpolating functions, the natural model shapes of the plate,
we will implicitly choose a basis that satisfies the governing
Euler-Lagrange equations that arise from the application of
Hamilton’s (variational) principle to the structure of interest.
It is assumed that the mode shapes are available. In the case of
plates, mode shapes for a wide range of shapes and boundary
conditions are available in Leissa.!? For actual satellites, the
structural identification methods needed to determine the
mode shapes are beyond the scope of this paper, but certainly
erroneous mode shapes could have a serious effect on the
following. .

Given the spatial coordinates of a finite number of points
on the satellite, the overall shape has to be determined by
interpolation. In this paper, the interpolating basis functions
will be the free vibration mode shapes for the satellite, which
in this case is assumed to be a thin rectangular plate. Al-
though, mathematically, the shape of the plate can only be
described by a linear combination of an infinite number of
mode shapes, practically only a finite number of mode shapes
need to be considered in order to satisfactorily approximate
the shape. It is assumed that the shape approximation error
incurred by choosing a finite set of mode shapes {¢y, ¢5, . . .,
¢, ) is negligible compared to the quantization error discussed
earlier.

Interpolation Through Erroneous Data
If at specific point (X, Y;),i =1, 2, ..., m, the deflection
w(X, Y;) can be measured exactly, then the modal coordinates

q,Jj=1,2,...,n, can be determined exactly by solving the
system of m equations
n

'El qj¢j(Xi» YI) = W(XD YI)’ i= 1’ 2’ v, (29)

J=
or in matrix vector notation, &g = w, where &; = ¢;(X, Y)).
But as shown earlier, w cannot be determined exactly but only
within a known interval. Let the interval for the ith entry be

X Yow) < w; <u(X, Y, w)), i=1,2,...,m (30)

or
KX, Y. w)sw=<uX,Y,w) 3D

Then, the problem is to find g subject to < ®q < u, where
the inequality of vectors is taken to mean that a vector is less
than another vector if and only if each component of the one
is less than the corresponding component of the other.

The vector g is not unique and, therefore, an estimate g*
for g that will minimize some error criterion is sought. Ex-
pressing the error associated with g* in terms of only the
configuration parameters will provide a criterion for selecting
the best configuration. Thus, the remaining tasks are to de-
velop dh error criterion for defining ¢ *, find an explicit way to
calculate g* given the error criterion, and find an expression
for the error associated with ¢* independent of the deforma-
tion.

Error Criteria for Parameter Estimation

The coefficient vector ¢ is confined to a closed space Q in
R™ and initially we require a suitable norm for Q. The L?
norm is used in order that the shape can be approximated
from the information supplied by the finite number of targets/
Sensors:

n 2
gl = J j [ .EI q:%:(X, Y)] dx dY (32)
Abi=

Recalling that the mode shapes are orthogonal on A4, it may

be shown that
- .
lgi=_| X g =gl (33)
N =1

which is the L? norm of ¢.

Using this norm, two error criteria are considered: a worst
case and an average case. Given an estimate g,, the worst case
measure is defined as

&, =max llg — gl 34
- qeQ

And for the average case, an rms measure is used such that

8.ms = | expected llg— goll? (35)
g€Q

The procedure used to find g* for each of these measure-
ments depends on whether the number of targets (m) is the
same or larger than the number of mode shapes.

Equal Number of Targets and Modes (n = m)

For this case, ® is n X n and is assumed to be invertible. The
space Q is, geometrically, an n-dimensional parallelepiped
bounded by 7 pair of parallel hyperplanes, one pair for each
of the » inequalities (e.g., when n = 2, Q is a parallelogram).

Considering the maximum error criterion first, the follow-
ing intuitive result is useful.

Result I: For any point go€R”, the point in Q farthest from
go must be in V(Q), the set of vertices of Q.

Proof: See Tse and Heppler.’
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Hence, the maximum error using a vector g, as the estimate
can be written as )

&w(go) = max lig — gol
qeV(Q)

By symmetry, it is intuitively clear that the estimate that
minimizes the maximum error should be the midpoint between
two opposite vertices in the parallelepiped Q. Thus, we have
the following result.

Result II: The optimal estimate g* for the maximum error
criterion is the centroid of Q, i.e.,

81+u1
& + u,

Proof: See Tse and Heppler.’
The worst case error associated with using g* as the esti-
mate is given by

> .
€,(¢*) = max “qﬂ(z‘ L Y. s ""> - v“
9eV(Q) 2 2

= max l|<I>‘l(p.1e1', .o
gel=1,1) ,
where ¢; = (u; — §;)/2.

To directly compute Eq. (36), the error for each element of
V(Q) (corresponding to a specific choice of py, gy, . . ., py)
would have to be computed and compared to the others in
order to find the largést. There are 27 vertices, which for large
n makes this procedure infeasible. Two computationally more
efficient alternatives are presented in the following.

Recalling that &1 = (b;), Eqgs. (36) become

s Hren)Tl | (36)

n n 2
gu(e)= max Y (E bijltjej>
wet-1,1 Niz1 \j=1

IVAREERY
< igl Q)} by le,-) (37

This estimate is a function of X;, Y;,and w; (i =1, 2,...,
n) because ¢; depends on w;. In order to use Eq. (37) to assess
the configuration, the dependence on w; must be removed.
This is accomplished by using the upper bounds for each e; as
given in inequalities (11) and (25) for the vertical and horizon-
tal configurations, respectively. Now suppose that the calcu-
lated upper bounds are such that

ei(‘Xi!Yi’wi)SUi(-X'i’),i)s vi=19 21-'-’ n (38)

and the resulting upper bound on &,,(c) is

n n 2
&u(c) = E Q 1 Ib,-j|U,~> 39

i=1

As a more accurate but computationally more expensive
alternative, consider the following. First, define Q, to be the
transformed version of Q that resuits from translating the
centroid of Q to the origin of R”. Qy is given by

Q={qg:—e<dg=<e} (40)

where e = (ey, €3, . . . , €,)7. Now Q, depends only on e for a
fixed ® and so it will be denoted Qy(e). The size of Qy is totally
ordered by e [i.e., Qq(e;) is a subset of Qy(e,) if e, < e,]. Hence,
the largest shape error &, (c) increases monotonically with e.
Now each e; is bounded above by U; and so it follows that

g,(c)= max ‘&~ (wU,..

pi€{ -1,1)

. l‘nUn)T" 1)

This gives a bound on &,(c) that is independent of the

deflections w;. To compute it, we can apply the modified

simplex method®® on the following quadratic program with
linear constraints: maximize llg 1> subject to g€Q (a convex
polytope).

Having dealt with the worst case, now consider the average
case where the rms error measure is used. By definition, the
rms error of using an estimate g* is

Ems(@*) = \/L Ig* - q1f(q) dg; . ..dg, “42)

where f(q) is the probability density function of g over Q.
Because there is a one-to-one correspondence between points
in Q and points in W, we can integrate over W instead. Thus,

Eims(@*®) = Ji lg* — - 'wiPg(w)dw;...dw, (43)
w

where g(w) is the probability density function of w over W.
Without additional information, there is no reason to assume
that w is more likely to be in one subset of W or another.
Hence, a uniform distribution of w over W is assumed and

1
Eims(@®) = mjw lg* — &~ 'wl2 dw,...dw, 44)

where | W1 is the volume of W.

Result I11: The centroid ¢ of W or Q is the optimal estimate
for the rms error criterion under the uniform distribution
assumption.

Proof: See Tse and Heppler.’

In order to evaluate the rms error associated wtih the cen-
troid ¢, begin by representing ! in terms of the column
vectors [by, by, . . ., by] = 1. Noting that

b+ u

®-1

ol
T2

b + u,

it follows that

2
dw;...dw, (45)

i t’,-+u,-
——— Wi }b;
i§l< 2 w>

which may be expressed as’

2 _;j
Srms(c)" |W| W’

n

8A%ms(c) = '31' E e,‘2 "b, 112 (46)

i=1

where it may be recalled that the e; is the semilength of the
error interval associated with measurement w;. Because of this
association, the expected error is implicitly a function of the
deflections w;. In order to find the optimal rms error as a
function of only the configuration variables, it is necessary to
find the expected value of the error intervals e; over time so
that it is independent of the deflections. As in the previous
section, a reliable estimate can only be found when the angle
of inclination @ of the cameras to the horizontal is zero. For
this particular case, we have derived the expected rms values in
Eqgs. (22) and (28) for the vertical and horizontal configura-
tions, respectively. The rms error for the shape configuration
can be expressed as

1
Ems = \/-—§||<I>' Allg 47
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where

Ve 0

an| 48)
0 Ve

n

and the subscript F indicates the Frobenius matrix norm.

More Targets Than Modes (m >n)

Unlike the case when m = n, the region of uncertainty for ¢
is not a parallelepiped. In general, it is an-irregular convex
polytope. Since each subset of n constraints bounds a paral-
lelepiped, the polytope can be viewed as the intersection of ()
such parallelepipeds. As a result, the vertices of the region are
extremely difficult to compute, unlike the straightforward
formulas for the case m =n. In view of the complicated
geometry and lack of symmetry, finding an optimal estimate
for both error criteria is much more difficult than inthe m = n
case.

We, therefore, settle for a suboptimal estimate for ¢g. Let
W = (£ + u)/2 be the vector of approximation of the individual
target positions. The estimate for g is. taken to be the least
square solution gis of the overdetermined system: &g = w,
ie.,

gus = (279)~'TH (49)

No strong theoretical justifications exist for using this esti-
mate compared to others. However, it is a practical estimate
because, as a result of the coefficient matrix ® being only a
function of the positions where the targets are placed on the
satellite, its pseudoinverse (®7®)~'®T can be precalculated.
Hence, the least squares estimate can be calculated quite effi-
ciently by a matrix-vector multiplication, as in the n = m case.
‘Moreover, the rms error associated with gy can be explicitly
calculated, as will be shown presently.

Suppose wr is the vector of true deflections. Then the true
parameter values g7 is given by

qr = (®T®) 18T, (50)

Because the shape of the uncertainty region Q is very much
dependent on the particular measurements taken (£ and u), we
shall not attempt to find &,,,5(g1s), the rms error given a fixed
Q(.e., a fixed fand u), as we did for the n = m case Eq. (46).
Because our main objective is to find the rms error indepen-
dent of the instantaneous deflections, we will instead find the
expected value of the squared error llg s — g7 I? for a fixed e
[measurement error interval vector, (u — £)/2]. Since for a
fixed e there are many possible different shapes for Q, we are
finding the expected value over all of the shapes. Once we
obtain this expected value, we can make use of the distribution
of e to find the overall expected value independent of the
deflections.

Define £ & w — Wy to be the vector measuring the deviation
of the true deflections from the midpoint of their correspond-
ing error intervals. For a given e = (e, €, . . ., e,)7, define
C(e) as the rectangular box in R™ centered at the origin and
whose sides are of lengths 2¢;, i =1, 2,..., m. Since each
component of W must lie in its error interval, £ must lie inside
C(e). If the range of the deflections and distance between
targets are large compares to the error intervals, it is safe to
assume that the components Z; of £ are independent and uni-
formly distributed in [—e; e;].

Now, from Egs. (47) and (43),

“qu - qT“ = “(@TQ)—I(W - WT)“ = "(q’T@)_lf “ (51)

so the rms value of the error for a fixed e can be obtained by
integrating over C: .

8%ms (e) =

—j 1(@7®)- 187212 d2, . . . d2, (52)
ICl)e

Letting B; be the columns of (#7®)~! we can obtain’:

82,.(e) =§ X et b2 (53)

i=1

Finally, to obtain the expected value independent of the de-
flections:

1 I(@T®)-18TA Il 54)

Ems = \/_5

where A4 is as defined in Eq. (47).

Summary and Conclusions

Stereo vision is a viable means of determining the real time
shape of a flexible structure, but the very nature of CCD
cameras leads to special considerations that must be addressed
in designing and implementing the system.

In the paper, we have treated two limiting camera configu-
rations, horizontal and vertical, and have determined explicit
expressions for the size of the error interval for both of these
cases. Upper bounds corresponding to these error intervals
have also been found. These expressions confirm what would
appear to be intuitively correct, that the error can be reduced
by increasing the focal length of the cameras and by decreas-
ing the size of the individual pixels; the error varies linearly
with each of the parameters. »

Given that the deflections of the targets as determined by
the system under consideration will be in error, as would the
deflections determined by any other means, the issue of inter-
polating the shape of the structure through the erroneous data
has been addressed. Two criteria for evaluating the interpola-
tion have been presented, a worst case criterion and an average
case criterion, both based on the L2 norm. The associated
upper bounds have also been reported.
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